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� A model to describe the growth of microalgae dividing by multiple fission is proposed.
� The model is also capable to simulate the evolution of the size structure of microalgae population.
� Model results are successfully compared with literature experimental data.
� Numerical experiments are performed to show the improvements arising from this model.
� Inferences are formulated about the effects of multiple fission on the bioreactors productivity.
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a b s t r a c t

Several microalgae strains are capable to divide by multiple fission, namely they can give rise to variable
number of daughter cells after cytokinesis. Such behavior may have implications on the overall growth
and productivities of microalgal cultures that are difficult to infer intuitively. Consequently, a novel
mathematical model to simulate the dynamics of the size-structured growth of microalgal strains char-
acterized by multiple fission, is proposed in this work. The model relies on the use of population balance
equations (PBEs) to describe the evolution of the size distribution of microalgae cells during growth and
permits to decouple the single cell growth phase, which is known to take place in the light, from the divi-
sion one, that on the contrary is assumed to occur under dark conditions according to well corroborated
experimental observations. Moreover, the effect of light intensity, photoperiod and nutrients concentra-
tion on the continuous growth of the cells, are suitably accounted for by the model. Furthermore, in order
to describe the partition of newborn cells after division, a new approach, which relies on suitable exper-
imental observations, is developed to formulate a novel birth term related to PBEs which takes into
account the possibility of multiple fission to take place. Model results and literature experimental data
pertaining a strain capable to divide by multiple fission, are successfully compared in terms of biomass
concentration evolution, thus highlighting a good predictive capability of the model. Subsequently, speci-
fic numerical experiments are performed in order to examine the potential improvements arising from
this model with respect to the ones currently available in the literature. Finally, suitable simulation-
based inferences are formulated about the potential implications of multiple fission on photobioreactor’s
productivity.

� 2015 Elsevier B.V. All rights reserved.
1. Introduction

It is well recognized that microalgae represent today one of the
most promising renewable feedstocks for the production of a wide
range of consumer goods such as biofuels, nutraceuticals, pharma-
ceuticals, bioplastics, functional food, lubricants and food for aqua-
culture systems. When compared to land plant crops, microalgae
are characterized by higher growth rates that result in the need
of less extended lands for their cultivation. Furthermore, microal-
gae production does not require agricultural lands and prevents
the typical competitiveness concerns with the agro-food market
that, on the contrary, arise from the use of land plants for
producing non-food goods. These aspects, coupled with the fact
that microalgae can be grown and processed in a bio-refinery
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Notations

b(m,m0) daughter distribution function (ng�1)
B(m) birth rate of cells of mass m (ng�1 mm�3 h�1)
Cj concentration of jth nutrient in the medium

(j ¼ 1 ) NO�
3 ; j ¼ 2 ) H2PO

�
4 ) (g m�3)

d equivalent diameter of the cell (lm)
dc critical diameter at which the cell is committed to

divide (lm)
D(m) disappearance rate of cells of mass m (ng�1 mm�3 h�1)
Fi distribution in terms of frequency for the mass or diam-

eter class i (/)
g(Iav) light dependent kinetics of continuous cell growth (/)
G(m) continuous growth rate of cells of mass m

(ng�1 mm�3 h�1)
hi distribution in terms of frequency for the mass class I

for unit mass (ng�1)
H(Iav) function accounting that cell division occurs only in the

dark (/)
Iav average photosynthetically active radiation within the

culture (lE m�2 h�1)
I0 incident photosynthetically active radiation

(lE m�2 h�1)
KI1 half saturation constant in the light-dependent term of

the growth kinetics (lE m�2 h�1)
KI2 inhibition constant in the light-dependent term of the

growth kinetics (lE m�2 h�1)
m single cell mass (ng)
mc critical mass at which the cell is committed to divide

(ng)
m0 mass of the generic mother cell (ng)
N or n number of cells (/)
pi(m,m0) unequal partitioning function for the case of division

into ith daughter cells (ng�1)
R radius of the cylindrical photobioreactors (m)
t time (min)
V photobioreactor volume (m3)
X biomass concentration (g m�3)
yX/j ratio of weight of dry biomass produced to weight of jth

nutrient consumed (/)

Greek letters
ai parameter of the Hill-Ng distribution for the case of

division into i cells (/)
b(ai, di) beta function for the case of division into i daughter

cells (/)
di parameter of the Hill-Ng distribution for the case of

division into i cells (/)
C division intensity function (h�1)
#(m,m0) self-similar daughter distribution function (/)
Hi probability of forming a number of daughter cells equal

to (i) per mitotic event (/)
ki distribution in terms of frequency for the mass class i for

unit mass (ng�1)
lav average growth rate (h�1)
lmax maximum specific rate of single cell growth (ng1/3 h�1)
lc mass loss rate of single cell (h�1)
mm time rate of change of cell mass m (ng h�1)
. specific weight of cells (g m�3)
rc standard deviation of the division probability density

function (ng)
sa optical extinction coefficient for biomass (m2 g�1)
w density distribution function of the cell population

(ng�1 mm�3)
x Angle of incidence of light (rad)

Superscripts
0 initial conditions (/)
exp experimental value
f final conditions (/)

Subscripts
av average value (/)
i number of daughter cells or generic counter (/)
j number of nutrients or generic counter (/)
stat steady state value (/)
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framework which might involve the capture of CO2 from flue gases
and wastewater remediation, make such technology particularly
attractive both from the economic and environmental point of
view. For this reason, there is today a growing interest in develop-
ing microalgae based systems for a number of applications in sec-
tors ranging from the biotechnological to the energy one [1].

In spite of such interest, the existing microalgae-based technol-
ogy is still not widespread since it is affected by economic and tech-
nical constraints that might have limited the development of
industrial scale production system. Therefore, in order to be imple-
mented at the industrial scale, the current microalgae-based tech-
nology should be properly optimized in terms of abatement of the
operating costs associated to the different unit steps of the process,
i.e. cultivation, harvesting and lipid extraction. In particular, the
scale-up of the cultivation systems represents one of the major
issues to be solved. In fact, the encouraging experimental results
so far obtained at the laboratory scale have been hardly reproduced
when trying to transpose the cultivation systems to the large scale.

In this regard, both the scale-up of the cultivation systems and
the optimization of key operating parameters might be accom-
plished by exploiting suitable process engineering techniques
which, in turn, rely on the use of mathematical models that are
capable to predict the system behavior when changing the operat-
ing conditions. For this reason, several mathematical models of
microalgae growth within different cultivation systems have been
proposed in the literature in the last ten years. So far, the basic
characteristics of algal kinetics have been taken into account. In
particular, most mathematical models available in the literature
are capable to describe quantitatively the evolution of biomass
concentration as a function of light density, nutrient availability
and photobioreactors operating mode. Other modeling efforts have
been devoted to quantitatively describe the production of photo-
synthetic oxygen and the corresponding consumption of dissolved
carbon dioxide within the culture as well as the pH evolution, the
mass transfer phenomena and the influence of hydrodynamic
regime on light availability for microalgae. In the last years, due
to the growing interest in the use of microalgae for producing bio-
fuels, the mathematical models have been focused on the quantita-
tive description of the influence of operating conditions on the
lipid biosynthesis of microalgae with particular regard to the sim-
ulation of the effect of nitrogen starvation on the accumulation of
fatty acids within the cells [2–5]. Moreover, due to the interest in
using microalgae as a mean to capture CO2, mathematical model
have been recently developed with the aim of quantitatively
assessing the capability of microalgal cultivation to capture and
convert CO2 into useful biomass [1,6–8].

Albeit the number, the complexity and the reliability of mathe-
matical models proposed today in the literature is still growing,
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most of them are based upon the wrong assumption that individ-
ual cells constituting the population of microalgae have the same
growth rate, biochemical composition and metabolism. On the
other hand, it is well known that microalgae populations consist
of cells having different size, morphology, age, etc., which can
strongly influence the growth rate of the cultures. For instance,
small cells achieve higher photosynthetic and carbon fixation rates
when compared to bigger ones, and are characterized by a faster
uptake of nutrients as well as an improved capability to gather
light. In fact, since nutrient uptake and light gathering occur at
the cell surface, it is apparent that small cells are favored with
respect to bigger ones due to their larger specific surface area.

Moreover, the size structure of the population can be affected
by the physiological state of microalgae and can change as a conse-
quence of temperature and osmotic shocks or after exposure to
various pollutants, UV radiations and, more in general, to stress
conditions [9,10]. Therefore, the cell size distribution may also rep-
resent a critical indicator of specific phenomena occurring within
the culture, thus being potentially useful to monitor and optimize
the cultivation process.

Furthermore, the correct evaluation of the size distribution of
cells might provide useful information to control and optimize
the downstream processes involved in the production of biofuels
from microalgae, i.e. harvesting and lipid extraction. In fact, the
harvesting step is typically preceded by a flocculation treatment,
aimed to promote gravity settling of microalgae in a realistic time
frame. This operating step involves the use of different amounts of
flocculants depending on the size distribution of microalgal cells
that need to be collected [11]. Thus, the knowledge of the cell size
distribution would permit to optimize the amount of flocculants to
be employed, thus reducing the costs associated to this operating
step. Similar reasoning applies when algae are collected through
cross-filtration since the size and the characteristics of the filter
are strongly dependent from the size of algae that need to be col-
lected [12]. Therefore, the knowledge of the size distribution of
microalgae would allow one to properly design the filter and thus
to optimize even this operating step.

In addition, lipid extraction processes are typically preceded by
a cell disruption treatment aimed to break the cell wall of microal-
gae and facilitate the subsequent release of intra-cellular lipids
into the extracting phase [13–15]. Since the cell disruption reaction
takes place at the cell surface, it is apparent that, when compared
to big cells, the smaller ones require larger amounts of reactants in
order to be efficiently disrupted due to their higher specific surface.
Accordingly, the knowledge of the size distribution of microalgal
cells might allow one to suitably tune the amount of reactant to
be used for cell disruption thus reducing the corresponding operat-
ing costs. Ultimately, the quantitative description of the size evolu-
tion of microalgae populations should not be neglected when
developing suitable mathematical models of microalgae growth
and processing since they might provide significant insights in
view of the optimization of either cultivation systems or down-
stream processes.

To this aim, the most powerful mathematical tool is repre-
sented by the so-called population balance equations (PBEs). The
latter ones consist of a set of partial differential equations resulting
from a dynamic balance of the cells distinguished on the basis of
one or more features, i.e. the so called internal coordinates which
can be the size, mass, age, morphology, etc., of the cells [16]. Thus,
if the size is considered as the internal variable, by using PBEs it is
possible to simulate the transient dynamics of a size-structured
population of cells during cultivation. This outcome would result
into all the possible advantages earlier discussed. Moreover, in
the PBE-based models, the growth of each cell and the division
phenomena are taken into account separately. Such peculiarity
may come in handy to properly simulate cultivation of microalgae
since, according to Bišová and Zachleder [17], the growth and the
division of cells take place separately. In particular, the former phe-
nomenon occurs during the light period by exploiting photosyn-
thesis while the latter one (which is related to the born of new
cells) usually takes place in the dark in order to prevent DNA dam-
age phenomena induced by UV radiation. It should be noted that
such a distinction cannot be performed through the classical
unsegregated models which erroneously englobe the growth and
division phase in a unique step occurring during the light phase,
thus leading to potential mistakes in simulations. On the contrary,
by allowing this distinction, the PBE-based models would permit to
effectively simulate the effect of the light–dark cycles on the
growth and the division of microalgae.

So far, the PBE-based models have been widely exploited to
quantitatively describe the growth of mammalian cells and bacte-
ria [18]. Nevertheless, to the best of our knowledge, very few appli-
cations of PBEs to the simulation of the evolution of microalgae
populations can be found in the literature. In particular, Concas
et al. have proposed a mathematical model based on a mass struc-
tured population balance to describe the growth of Spirulina
Platensis within the solar collector of a BIOCOIL photobioreactor
[19]. More recently, Altimari et al. have proposed a bi-variate
PBE model to describe the dynamics of the mass distribution of
microalgal cells distinguished on the base of the different stage
of the cell cycle (i.e. G1, S, G2/M) to which they belong during
growth [20]. Along the same lines, Massie et al. proposed a stage
structured PBEs mathematical model to simulate the complex
transient dynamics of Chlorella vulgaris cells taking place in
response to environmental perturbations induced within a chemo-
stat [21].

However, most models attempting to exploit potentialities of
PBEs in the microalgae sector are based on the erroneous assump-
tion that all microalgae strains can divide only by binary fission,
namely by giving raise to only two daughter cells when they reach
the mitotic phase. However, it is well known that several strains
are capable to generate more than two daughter cells according
to a mechanism called multiple fission [17]. In particular, the same
strain during each cultivation cycle can give rise to a variable num-
ber of daughter cells, which usually ranges from 3 to 32, for each
division [22,23]. This multiple division is quite different from the
common binary division and its effect on the size distribution of
the cells, as well as on the biomass productivity, is difficult to grasp
intuitively. Therefore, suitable mathematical models are needed to
predict the effect of such a division mode on the size structure and
biomass concentration evolution.

In spite of this, to the best of our knowledge, only one mathe-
matical model capable to simulate the growth of microalgae char-
acterized by multiple fission has been so far presented in the
literature. Specifically, Rading et al. have proposed a mathematical
model, which accounts for multiple cell division, to simulate the
stationary size distribution of the algal strain Chlamydomonas rein-
hardtii [19]. While from one hand this model represents the first
attempt to simulate multiple fission and is very rigorous from
the mathematical point of view, on the other side, it neglects rele-
vant biological phenomena such as the effects of light and nutri-
ents on the growth of single cells as well as the occurrence of
cell division in the dark. Moreover, the model is valid only for
strains which are capable to generate a number of daughter cells
equal to a multiple of 2, while it is well known that several
microalgal strains are capable to produce an odd number of daugh-
ter cells, i.e. 3, 5, etc., [23]. Finally, Rading et al. provided only the
steady state solution of the model and thus suitable information
about the possible effects of multiple fission on the dynamics of
the culture cannot be extrapolated from their work [24]. In the
light of what above, there is the need for more comprehensive
models able to simulate the size-structured growth of microalgae



A. Concas et al. / Chemical Engineering Journal 287 (2016) 252–268 255
characterized by multiple fission. This aspect is even more impor-
tant if one considers that many promising microalgae strains used
to produce biofuels are well known to divide by multiple fission. By
way of example, Neochloris oleoabundans, C. vulgaris, Chlorella
sorokiniana, Nannochloris sp., are just some of the many microalgae
strains usually adopted to produce biofuels that are characterized
by the production of multiple daughter cells [23,25].

For these reasons, in this work a novel mathematical model is
proposed to describe the growth of algal strains which reproduce
by multiple fission. The model is based on a mass structured pop-
ulation balance which takes into account growth and division phe-
nomena separately. Specifically, single cell growth rate is
considered during the light period while cell division is imposed
to occur only in the dark according to the indications provided
by the most recent literature about this topic. The effect of light,
nutrients and cell size on the growth and division rate, respec-
tively, is accounted for. Moreover, a novel partition function, which
relies on empirical observations and is capable to simulate the
effect of multiple fission on the distribution of newborn cells, is
proposed. Model results have been successfully compared with
experimental data concerning the growth of a microalgae strain
which is known to divide by multiple fission, i.e. Nannochloris
eucaryotum.

2. Mathematical model

The phenomena schematically shown in Fig. 1 are taken into
account in the present model to the aim of simulating the size-
structured growth of microalgae dividing by multiple fission. It is
apparent that, during the light period the cells grow in the
pre-commitment phase G1 and increase in size as a result of the
building of cellular structures and the accumulation of storage
molecules, such as starch and lipids, which serve as energy
reserves.

At a certain point, hereafter called the commitment point (CP),
the growing cells attain the minimum size that allows the trigger-
Treshold size mc

Dark onset
triggers division

Binary 
fission

CP 

Fig. 1. Scheme of the growth and division processes of microalgal cells characterized by
those ones reported by Yamamoto et al. concerning the strain Nannochloris eucaryotum
sequence. (For interpretation of the references to color in this figure legend, the reader
ing of a sequence of events which subsequently lead to cell division
[25]. It should be noted that, according to Bišová and Zachleder
[17], multiple commitment points might be achieved by microal-
gae. However, in this work only the case of one single commitment
point is considered while leaving the case of multiple commitment
points to future papers. Therefore, the model assumes that, once
reached the critical size, cells are committed to divide and can sub-
sequently enter the S, G2 and M phases and finally can divide by
cytokinesis. However, when such situation is reached during the
light period, the division process is postponed in order to be per-
formed in the dark and, as a consequence, the mother cells can
continue to grow even if they have already reached the critical size
[17]. In fact, according to the same authors, microalgae are capable
to separate the cellular growth phase, which takes place during the
light period by exploiting photosynthesis, from the mitotic and
cytokinetic phase that, on the contrary, occurs during the dark per-
iod in order to prevent the DNA damage phenomena potentially
induced by the incident photon flux. Subsequently, at the onset
of dark conditions, the cells which have attained a size greater or
equal than the critical one, can actually start mitosis that, in turn,
will determine the release of the newborn daughter cells. In most
eukaryotic algae, the number of newborn cells produced by cytoki-
nesis can be greater than two. For example, when the strain N.
eucaryotum is considered, the number of daughter cells can be 2,
3, 4 or 8 according to the literature [22,23].

The mechanism on the basis of which the mother cell decides
how many daughters will be generated, is still not clear. In fact,
while for few specific strains the most recent studies on the matter
are gradually shedding light on the concerned phenomenon [17], a
universally accepted mechanism still does not exist, especially for
the strains which are capable of producing an odd number of
daughter cells. For this reason, a deterministic formulation of a
mathematical function which allows evaluating how many cells
are formed for each mitotic event cannot be still developed. How-
ever, it is possible to evaluate the probability that the mitotic event
will give rise to a specific number of daughter cells by relying on
Continuous growth

Ternary
fission

Quaternary
fission

Octonary
fission

Θi = probability of division
into i daughter cells

multiple fission. The possible numbers of daughter cells produced after division are
[23]. The red line indicates that the newborn cells restart a new growth-division
is referred to the web version of this article.)
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empirical observations. Specifically, it can be quantitatively evalu-
ated as the frequency with which the division into a given number
of daughter cells is observed over a quite large number of division
events. The symbols Hi reported in Fig. 1 represent just the prob-
abilities that the mother cells produce a number of daughter cells
equal to i and can be evaluated as follows. If ntot is the total number
of mitotic events experimentally observed and, among them a cer-
tain number equal to n3 has produced 3 daughter cells, the corre-
sponding probability (H3) can be evaluated as the frequency n3/
ntot if ntot is large enough. Same reasoning applies to the case where
different numbers of daughter cells are produced. When all the
possible values of Hi are known, a mathematical model based on
the PBEs can be developed in order to simulate the size structured
growth of microalgae characterized by multiple cells fission.

In this work the cell mass (m) has been chosen as the internal
coordinate of the PBE instead of the cell size. However, it should
be noted that size and mass structured PBEs are somehow equiva-
lent when the cell’s specific weight is realistically considered to
remain constant during growth. In fact, when a linear dependence
between size (volume) and mass of the cells exists, the results
obtained through the mass-structured population PBE can be sim-
ply expressed in terms of size-structured populations.

In the light of what above, the mass structured PBE for the batch
growth of N. eucaryotum investigated by Lutzu et al. [26], can be
written in its general form as follows:

@wðmÞ
@t

þ GðmÞ ¼ �DðmÞ þ BðmÞ ð1Þ

where the density distribution function w(m) is the function
adopted to describe the mass structure of the population at a cer-
tain time (t) and is evaluated as the number of cells having a certain
mass (m) contained in the unit volume of culture and normalized
with respect to the amplitude of the mass classes chosen to describe
the size structure of the population. The term G(m) in Eq. (1)
accounts for the disappearance of cells having mass (m) due to con-
tinuous growth of single cells. The disappearance term D(m) repre-
sents the possible instantaneous loss of cells of mass (m) provoked
by their division (due to cytokinesis) into two or more daughter
cells having smaller masses. Finally, the birth term B(m), takes into
account the possible formation of cells having massm due to fission
of larger cells. The details of symbol significance and their corre-
sponding units are reported in the notations.

More specifically, the continuous term G(m) takes into account
the fact that the mass of a single cell can increase continuously
with a rate equal to mm, thus contributing to a shift over time of
the density distribution function which can be mathematically
described as follows:

GðmÞ ¼ @ðmm � wÞ
@m

ð2Þ

where, according to Concas et al. [19], the time rate of change of cell
mass (mm) is a function of nutrient’s concentration in the growth
medium (Cj), light intensity within the culture (Iav) as well as the
cell mass itself as shown in the following expression:

mm ¼ dm
dt

¼ lmax � gðIavÞ �
Y2
j¼1

Cj

Kj þ Cj

" #
�m2=3 � lc �m ð3Þ

In Eq. (3), lmax is the maximum specific growth rate, Iav the
average light intensity and Cj the generic limiting nutrient. As it
can be observed from Eq. (3), a Monod type dependence has been
adopted to quantify the dependence of mm upon nutrients concen-
tration Cj, where the value 1 of the j index is referred to the concen-
tration of nitrogen in the culture while the value 2 is referred to
phosphorus. The latter ones are in fact the nutrients whose effect
on growth limitation was investigated in the experiments [26]
simulated through the present model. The function g(Iav) accounts
for the effect of light on the growth kinetics which according to the
literature [2] can be expressed as follows:

gðIavÞ ¼ Iav

KI1 þ I2av
KI2

þ Iav
ð4Þ

It should be noted that the adopted expression for g(Iav) is cap-
able to simulate also possible photo-inhibition phenomena affect-
ing microalgae growth under too high levels of incident light
intensities. In fact, while the kinetic parameter KI1 represents the
half saturation constant, the symbol KI2 represents the inhibition
constant with respect to light. The detailed explanation of the sym-
bol significance is reported in the Notations. The average light
intensity Iav within the culture in the batch cylindrical photo-
bioreactor adopted in the experiments by Lutzu et al. [26] has been
be evaluated as follows [1]:

IavðtÞ¼ 2I0ðtÞ
pRsaXðtÞ 1�

Z p=2

0
cosðxÞexpð�2RsaXðtÞcosðxÞÞdx

� �
ð5Þ

where the symbol significance is reported in the Notations. The
incident light intensity I0(t) appearing in Eq. (5), which in the exper-
iments has been varied with time as a square wave having ampli-
tude equal to 100 (lE m�2 s�1) and a photoperiod (Tp) equal to
12 h (i.e. dark for 12 h and light for the remaining 12 h), has been
simulated according to the method proposed by Concas et al. [1].

As far as the dependence of mm on the mass of the cell, it can be
observed that a 2/3 power law has been considered consistently
with the typical allometric scaling laws adopted in the literature
to express the effect of cell size/mass on its growth kinetics [27].
In fact, according to the literature [28], the nutrient uptake rate
of microalgal cells depends, in a linear fashion, from the number
of nutrient ions uptake sites occurring on the cell surface. Since
the surface density of these sites is kept constant during cell
growth, the total number of uptake sites depends on the cell sur-
face area and thus the nutrient uptake rate of a microalgal cell
depends in a linear fashion from the area of the cell surface which,
in turn, is proportional to a 2/3 power of the cell volume and thus
of cell mass [29]. Furthermore, at low light intensity, the geometric
cross section of the cell, which is proportional to the 2/3 power of
the volume, regulates the cell capability to gather the light needed
to trigger photosynthesis [30].

As already mentioned above, the term D in the right hand side
of Eq. (1) accounts for the fact that a cell of mass m may disappear
as a result of its division, due to mitosis and cytokinesis, into a cer-
tain number of daughter cells having smaller masses. This term can
be expressed as the product of w(m) and the so called division
intensity function (C) which represents the tendency of the cells
to divide as they approach a certain critical mass mc, namely:

DðmÞ ¼ C � wðmÞ ð6Þ
The functionC can be evaluated as the product of a division rate

(md) which depends on the availability of nutrients, and the proba-
bility that the cell divides depending on its mass:

C ¼ Cðm;CjÞ ¼ vdðm;CjÞ � f ðmÞ
1� Rm

0 f ðm0Þdm0 � HðIavÞ ð7Þ

where, according to the literature [16], the division rate can be
expressed as follows:

md ¼ lmax �
Y2
j¼1

Cj

Kj þ Cj
�m2=3 ð8Þ

The function H(Iav) in Eq. (7) takes into account that the division
can take place only during the dark phase and thus has been set as
follows:
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HðIavÞ ¼ 0 when Iav > 0
HðIavÞ ¼ 1 when Iav ¼ 0

�
ð9Þ

The function f(m) in Eq. (7) returns the probability density that
a cell divides when its mass (m) approaches the critical one (mc)
and, according to the literature [31,32], can be expressed as a
Gaussian function as follows:

f ðmÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
2pr2

c

p exp
�ðm�mcÞ2

2r2
c

ð10Þ

where rc and mc are the standard deviation and the average mass,
respectively, of dividing mother cells. The birth term (B) of Eq. (1),
takes into account the contribution to mass class (m) of newborn
cells resulting from the division of cells having larger mass
m0 >m. The probability that a cell having mass m is formed depends
on the rate D(m0) = C(m0,Cj)�w(m0) at which the larger cells m0

undergo cytokinesis as well as on the probability b(m0,m) that such
event leads to the formation of a cell having mass m. Since each cell
having mass m0 >m might theoretically divide to give rise at least
one cell of mass m, the overall contribution of newborn cells to
the mass class m is obtained by integrating this contribution over
the mass domain involving all the cells having mass m0 >m. There-
fore, the birth term B(m) in the population balance can be written as
follows:

BðmÞ ¼
Z 1

m
Cðm0;CjÞ � bðm;m0Þ � wðm0Þ � dm0 ð11Þ

According to Diemer and Olson [33] the so-called daughter dis-
tribution function b(m,m0) can be written as follows:

bðm;m0Þ ¼ 1
m0 #ðm;m0Þ ð12Þ

where #(m,m0) represents the self-similar daughter distribution
and obeys the extended Hill-Ng power law which, in its generalized
form contemplating the possibility that a variable number (i) of
daughters cells may be generated (i.e. multiple fission), can be
written as follows:

#ðm;m0Þ ¼
X

i¼2;3;4;8

i �Hi

bðai; diÞ �
m
m0

� �ai
1� m

m0

� �di ð13Þ

In the equation above, i represents the number of daughter cells
which can be formed by division. As far as the concerned case,
namely the growth of N. eucaryotum, the number i can assume
the values 2, 3, 4 or 8 according to the experimental observations
[22,23]. The symbols Hi refer to term weights which must satisfy
the following equation:X
i¼2;3;4;8

Hi ¼ 1 ð14Þ

In this regard it should be specified that in the paper by Diemer
and Olson [33], no physical meaning was attributed to the weights
Hi. On the contrary, in this work we have assumed that these
terms represent the probability with which the mitotic cells gives
rise to a certain number (i) of daughter cells. Therefore, the term
H2 will represent the probability at which the mitotic cell divides
into 2 daughter cells, while the termH3 will indicate the probabil-
ity with which the division leads to 3 newborn daughter cells, and
so on. These probabilities have been evaluated by relying on exper-
imental observation according to the method specified in what fol-
lows. The symbol b(ai,di) in Eq. (13) represents the class of beta
functions defined by the following equation:

bðai; diÞ ¼
Z 1

0
tai�1ð1� tÞdi�1dt ð15Þ
where the parameter values ai and di are inter-related and depend
upon the considered number (i) of daughter cells through the
following relationship [34]:

ai ¼ diði� 1Þ for i ¼ 2;3;4;8 ð16Þ
Moreover, the parameters ai and di must satisfy the following

relationship in order to comply with the total mass conservation
law [33]:

X
i¼2;3;4;8

Hi
i � ai

ai þ di

� 	
¼ 1 ð17Þ

Finally, the unequal partitioning function pi can be written as
follows:

piðm;m0Þ ¼ 1
bðai; diÞ �

1
m0

m
m0

� �ai
1� m

m0

� �di
for i ¼ 2;3;4;8 ð18Þ

The overall daughter distribution function b(m,m0) defined in
the birth term can be re-written according to the following
equation:

bðm;m0Þ ¼
X

i¼2;3;4;8

i �Hi � piðm;m0Þ ð19Þ

which, once inserted into Eq. (11) and after some simple mathemat-
ical elaborations based on the properties of integrals, permits to
re-formulate the birth term B as follows:

BðmÞ ¼
X

i¼2;3;4;8

i �Hi �
Z 1

m
Cðm0;CjÞ � piðm;m0Þ � wðm0Þ � dm0 ð20Þ

It should be noted that, as far as the division of microalgal cells
is concerned, the equation above represents the first formulation of
the birth term available in the literature which takes into account
the possibility to have multiple daughter cells as a result of the
mitotic event.

The consistency of the proposed relationship is somehow con-
firmed by the fact that, whether applied to the case of simple bin-
ary fission where only two daughter cells are formed, i.e. when
Hi = 0 for "i– 2 while H2 = 1, it degenerates in the classical form
of the birth term describing binary fission [35]:

2
Z 1

m
Cðm0;CjÞ � p2ðm;m0Þ � wðm0Þ � dm0 ð21Þ

Ultimately, by inserting the extended formulation of the
growth, death and birth terms in Eq. (1) the resulting PBE can be
written as:

@w
@t

þ @ðmm � wÞ
@m

¼ �Cðm;CjÞ � wþ
X

i¼2;3;4;8

i �Hi �
Z 1

m
Cðm0; I;CjÞ

� piðm;m0Þ � wðm0Þ � dm0 ð22Þ
which must be solved along with the following initial and boundary
conditions:

wðm; tÞ ¼ w0ðm;0Þ at t ¼ 0; 8m 2 ½0;mmax� ð23Þ

wð0; tÞ ¼ 0 at 8t 2 ½0; tfinal�; m ¼ 0 ð24Þ
The PBE, once solved along with the corresponding boundary

and initial conditions allows one to evaluate the evolution of the
microalgae cell population over time as a function of nutrient
and light availability. Subsequently, the total biomass concentra-
tion X can be evaluated as the first moment of the population
through the following expression:

XðtÞ ¼
Z 1

0
wðmÞ �m � dm ð25Þ
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While the total cell number can be evaluated as the 0th moment
of the distribution w

ntotðtÞ ¼
Z 1

0
wðmÞ � dm ð26Þ

Since the rate of mass change mm depends upon the nutrient’s
concentration in solution and their uptake by algae leads to their
consumption in the growth medium, the following mass balance
can be written to describe the time evolution of the corresponding
concentrations in the bulk liquid phase of the batch system under
investigation:

dCj

dt
¼ � 1

yX=j

Z 1

0
mmðm; I;CjÞ � wðmÞ � dm where

j ¼ 1; . . .2; 1 ¼ NO�
3 ; 2 ¼ H2PO

�
4 ð27Þ

along with the following initial conditions:

Cj ¼ C0
j at t ¼ 0; for j ¼ 1;2 ð28Þ

where the symbols yX/j refers to the yields of the nutrients P and N,
namely the weight of nutrients consumed to produce the unit
weight of biomass X.

The Eq. (22), which represents a partial differential equation in
the variables t andm, has been solved by discretizing the derivative
whose independent variable is the cell mass m to obtain one ordi-
nary differential equation at the time variable for each of the mass
grid point. This system of ordinary differential equations is coupled
with the one resulting from the mass balances of nutrients
reported in Eq. (27). The resulting system of ordinary differential
equations above was numerically integrated as an initial value
problemwith the Gear method bymeans of the subroutine DIVPAG
of the standard numerical libraries (IMSL). It should be noted that
we typically used a number of grid points in the cell mass domain
equal to Nm = 100. Finer grids did not provide significant changes in
the numerical solution. The integral of Eq. (5) was solved by invok-
ing the IMSL subroutine DQDAWOwhich exploits either a modified
Clenshaw–Curtis procedure or a Gauss–Kronrod 7/15 rule. On the
contrary, the integrals of Eqs. (22), (25), (26) and (27) were solved
through the trapezoidal rule. Finally, the tuning procedure of
model parameters values to fit model results to experimental data
was carried out through minimizing an objective function through
the Fortran subroutine BURENL, which is based on the least-
squares method [36].

3. Results and discussion

A mathematical model to simulate the effects of microalgae
cells division into multiple daughter cells is proposed in this work.
In order to demonstrate the reliability of the proposed model, the
corresponding results are compared with the literature experimen-
tal data by Lutzu et al. [26], which investigated the effect of differ-
ent cultivation conditions on the growth of the strain N.
eucaryotum. According to the literature [22,23], the cell division
of this strain occurs through a mechanism which leads to the
release of a variable number of daughter cells. In particular the
number of daughter cells released per mitotic event can vary from
2 to 8 according to the observed frequencies shown in Fig. 2. Since
the number of observations performed to evaluate these frequen-
cies was quite high [23], they can be considered to be equivalent
to the probabilities of division into the specific number of cells
reported in Fig. 2. Therefore the symbol Hi in Fig. 2 represents
the probability at which the mother cells having a critical mass
mc divide into a number of daughter cell equal to i. As it can be
observed, albeit reproduction of N. eucaryotum usually occurs via
two daughter cells, it is not uncommon to find three, four or eight
daughter cells per mother cell. In the category ‘‘not specified”,
reported in the abscissa of Fig. 2, all the probabilities of very
uncommon events leading to the production of unusual number
of daughter cells have been cumulated [23]. The number of daugh-
ter cells produced in this latter case was not specified by Yama-
moto et al. [23]. However, in order to ensure the mathematical
consistency of the model, the terms Hi must satisfy the constraintP

iHi ¼ 1 (cf. Eq. (14)) and thus all the possible numbers i of
daughter cells being produced should be known along with the
corresponding frequency Hi. For this reason, a slightly modified
frequency distribution has been adopted in this work to the aim
of obtaining the values of Hi needed to solve the mathematical
model (cf. Fig. 2).

In particular, the probability associated to the ‘‘not specified”
category has been redistributed over the four categories of well
documented divisions, that is, the actual values of Hi have been
obtained by normalizing the corresponding values available in
the literature, i.e. Hi;lit [23] with respect to the cumulative proba-
bility of all the events which give rise to 2, 3, 4 and 8 daughter cell:

Hi ¼ Hi;litP
i¼2;3;4;8Hi;lit

ð29Þ

This choice allowed us to comply with the constrain
P

iHi ¼ 1
and simultaneously permits to obtain values of Hi very close to
the ones experimentally observed by Yamamoto et al. [23] (cf.
Fig. 2). The numeric values of the parameters Hi are reported in
Table 1 along with the ones of the other model parameters.

All model parameters, except lmax, have been taken from the
literature. In particular, the values of the parameters appearing in
the function g(Iav), which quantifies the effect of light intensity on
the growth kinetics, i.e. KI1 and KI2 in Eq. (4), have been obtained by
fitting the experimental data by Aleya et al. [37] obtained with the
strain Chlorella minutissima which, according to the recent litera-
ture, is phylogenetically coincident with the N. eucaryotum strain
[40]. As it can be observed from Fig. 3 the experimental data by
Aleya et al., are quite well captured through the fitting procedure
at least in the range of light intensities adopted in the experiments
by Lutzu et al. [26] whose data have been used to validate the PBE
model. Therefore, the obtained values of the parameters KI1 and KI2

can be considered fairly reliable.
The values of the parameters ai and di (i = 2, 3, 4, 8) reported in

Table 1 have been evaluated as follows. According to the literature
[32], the value of di has been fixed to 40 for each value of i, and the



Table 1
Model parameters and initial conditions.

Symbol Value Units References

C0
N

2.77 � 10�2 gN L�1 [26]

C0
P

4.56 � 10�3 gP L�1 [26]

I0 1.00 � 102 lE m�2 s�1 [26]
KI1 6.00 � 101 lE m�2 s�1 Evaluated from [37]
KI2 1.30 � 102 lE m�2 s�1 Evaluated from [37]
KN 5.40 � 10�4 gN L�1 [38]
KP 2.50 � 10�5 gP L�1 [38]
dc 3.5 � 100 lm Evaluated from [22,23,39,40]
mc 2.50 ± 0.8 � 10�2 ng Evaluated from [22,23,39,40]
R 4.30 � 101 mm Experimentally evaluated
YN 5.90 � 10�2 gN g�1 [38]
YP 6.00 � 10�3 gP g�1 [38]
a2 4.00 � 101 – [32]
a3 2.00 � 101 – Evaluated as reported in the text
a4 1.34 � 101 – Evaluated as reported in the text
a8 5.71 � 100 – Evaluated as reported in the text
d2 4.00 � 101 – [32]
d3 4.00 � 101 – [32]
d4 4.00 � 101 – [32]
d8 4.00 � 101 – [32]
H2 6.48 � 10�1 – Evaluated from [23]
H3 1.35 � 10�1 – Evaluated from [23]
H4 1.89 � 10�1 – Evaluated from [23]
H8 2.70 � 10�2 – Evaluated from [23]
lmax 2.30 � 10�3 ng1/3 h�1 This work
q 1.10 � 106 g m�3 [41]
rc 8.20 � 10�3 ng Evaluated from [22,23,39,40]
sa 6.38 � 10�1 m2 g�1 [42]
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Fig. 3. Fitting of the experimental data by Aleya et al. [37] through the function g
(Iav) for the obtainment of the values of model parameter KI1 and KI2 in Eq. (4).
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corresponding value of ai has been evaluated through the Eq. (16).
The obtained values of these parameters give rise to partition func-
tions (pi) having a maximum where the mass ratio between the
mother and the daughter cell is equal to 2, 3, 4 and 8, respectively,
thus being representative of binary, ternary, quaternary and
octonarian fission, respectively. It should be noted that the adopted
values of ai and di satisfy the Eq. (17) and thus comply with the
mass conservation law.

Furthermore, the critical cell mass (mc) and standard deviation
rc appearing in the function which defines the probability of cell
division (cf. Eq. (10)), have been evaluated by performing a simple
statistical analysis on the different corresponding values proposed
in the literature by different authors for the critical mass mc

[22,23,39,40].
Finally, in order to evaluate the initial density distribution func-

tion of microalgae w0(0,m), the following strategy has been
adopted. According to the literature, N. eucaryotum cells show a

roughly spherical shape with an average diameter d0
av ranging from

2 to 3 lm with a most probable value of about 2.6 lm [23]. On the
other hand, to the best of our knowledge, no specific data are avail-
able as far as the standard deviation of the initial distribution of
this strain is concerned. For this reason, the initial distribution of
the strain Nannochloris oculata available in the literature [43] has
been considered to be representative of the one of N. eucaryotum.
In fact, as it can be observed form Fig. 3, this strain shows an
average cell diameter very similar to the one of N. eucaryotum
(cf. Fig. 4a). Moreover, N. oculata is phylogenetically very close to
N. eucaryotum [44]. Thus, by fitting the experimental data related
to N. oculata reported in Fig. 4a, the standard deviation of the initial
distribution of N. eucaryotum has been evaluated to be
2.5 � 10�1 lm, in terms of cell diameter. It should be noted that
the initial distribution F(d), in Fig. 4a, is evaluated as the number
N(d) of microalgae having a certain diameter d with respect of
the total number Ntot of microalgae cells concerned. Starting from
these data, the initial density distribution of the microalgae popu-
lation expressed in terms of w0(0,m) shown in Fig. 4b, has been
obtained as discussed in Appendix A.

As it can be observed from Table 1 the only tuned parameter is
the maximum specific growth rate lmax. Specifically, the value of
this parameter has been obtained by fitting the experimental data
[26] obtained when cultivating N. eucaryotum in batch reactors
using the initial nitrogen and phosphorus concentrations, as well
as the incident light flux, specified in Table 1. The comparison
between experimental data and model results obtained under
these operating conditions is shown in Fig. 5a. As it can be
observed, the experimental behavior is well captured by the pro-
posed model at least in terms of biomass concentration evolution
over time, thus confirming that the adopted values of model
parameters are quite reliable.

It should be noted that the intermittent shape of the simulated
growth curve is due to the fact that the mass growth of microalgae
takes place only during the light periods while it stops under dark
conditions. In Fig. 5b, model extrapolations obtained under the
adopted operating conditions are shown in terms of time evolution
of light intensity and nutrients concentration within the culture. It
can be observed that light intensity decreases as a result of the
increasing biomass concentration which, in turn, determines the
augmentation of solution’s optical density. Moreover, nitrogen
and phosphorus concentrations decrease as a result of consump-
tion by microalgae. The simulated time evolution of the cell popu-
lation distributions is shown in Fig. 5c. The initial population is
indicated by the area filled by a sparse pattern. It can be observed
that, as the cultivation begins, the cells start to gain mass as a
result of the continuous growth and consequently the mode of
the distribution is shifted to the right after 4 days of cultivation.
However, when most cells attains their critical size (mc) they
divide and generate daughter cells having lower mass. For this rea-
son, the number of small cells starts to increase and, accordingly, a
hump of the distribution appears in correspondence of smaller cell
masses after 8 days of cultivation. As the time goes on, this hump
increases in height as a result of the growing number of cells
undergoing cytokinesis and, after 16 days, attains almost the same
height of the initial peak, thus leading the distribution to become
quite broadened. It is important to observe here that such broaden-
ing of the distribution is just the result of multiple fission. In fact, if
only binary fission would have taken place, a more distinct peak
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would have been appeared at mass values close to half the critical
cell mass mc thus leading the distribution to become markedly
bi-modal. On the contrary, the multiple fission provokes the forma-
tion of daughter cells having different cell masses, i.e. mc/3, mc/4,
mc/8 and, accordingly, the resulting distribution becomes broader.
Nevertheless, since the binary fissions account for about 60% (i.e.
the most) of all possible divisions of N. eucaryotum (cf. Fig. 2), even
in this case a peak at mass values close to mc/2 appears more
distinctly after about 16 days. From that moment on, the intensity
of this peak further increases due to the accumulation of daughter
cells of new generation. In Fig. 5d the evolution of the average
diameter of the population is shown along with the one of the total
number of cells. Aside the short term oscillations, whose origins
will be better explained later, and focusing on the long term trend
of the curve, it can be observed that during the first cultivation
days the average diameter of the population increases as a result
of the fact that continuous growth phenomena prevail over the
division ones. However, when most cells approaches the critical
size, bulk division takes place and several small daughter cells
are formed, thus leading the average size of the population to
decrease.

In Fig. 6 the evolution of average cell mass, along with the one
of the cell-number, are shown in a narrow time frame in order to
highlight the capability of the model to decouple single-cell
growth phenomena from the division ones. In fact, it can be
observed that when the light is on, the average mass of microalgae
cells increases as a result of the photosynthetic growth, while the
number of cells remains constant since in the presence of light,
mitosis cannot take place and thus new cells cannot be generated.
On the contrary, under dark conditions cells cannot increase in size
but are allowed to divide. Accordingly, the cell number increases
due the formation of newborn cells, while the average mass
decreases because each of the newborn cells is characterized by a
smaller mass with respect to the one of the parent cell from which
they derive. It should be noted that, while for the strain N. eucary-
otum, experimental data are not available to confirm the model
extrapolations in Fig. 6, the simulated behavior is qualitatively
consistent with the experimental data reported by Vítová et al.
[45] for the strain C. reinhardtii and by Chisholm et al. [46] for
two different phytoplankton strains. The practical usefulness of
this model outcome lies in the fact that internal reserves of starch
and lipid are typically used by the cells during night as source of
energy to sustain the cell division process [17]. Therefore, it is
apparent that suitable strategies based on the suppression of cell
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Fig. 6. Simulated evolution of the total number and the average mass of microalgae
cells in a narrow time frame.
division (which in turn can be performed for example by imposing
nitrogen starvation conditions or specific light dark photoperiods)
might be exploited to increase the starch or the lipid content of
microalgae in view of the production of biofuels. Therefore, the
capability of this model to decouple the mass growth phase from
the division one, might be theoretically exploited to develop
strategies aimed to increase the lipid productivity of photobioreac-
tors. Of course, to this aim, the model should be modified in order
to take into account the mass balances of starch and lipids. How-
ever, even in the present form the model can provide precious
information about the possibility of suitably modulating the
light–dark cycles in order to favor cells division instead of their
growth or vice versa.

To test the predictive capability of the proposed model, as well
as the reliability of the tuned parameter, further experimental
results obtained by Lutzu et al. [26], when changing the initial con-
centration of nitrogen and phosphorus, have been simulated.
Specifically, the experiments where only the initial nitrogen con-

centration was halved (i.e. Cinit
N ¼ 1=2C0

N and Cinit
P ¼ C0

P at t = 0)
and only the initial phosphorus concentration was reduced to
one fourth with respect to the values reported in Table 1 (i.e.

Cinit
N ¼ C0

N and Cinit
P ¼ 1=4C0

P at t = 0), have been simulated. More-
over, to further test the predictive capability of the model when
both the initial nitrogen and phosphorus concentrations were
simultaneously varied, experimental data related to the case where

Cinit
N ¼ 1=2C0

N and Cinit
P ¼ 1=2C0

P at t = 0 have been simulated. The
comparison between model predictions and experimental data
are shown in Fig. 7a–c in terms of biomass concentrations as a
function of time.

It is important to remark that no model parameter has been
adjusted in these simulations. As it can be seen, the proposed
model predicts the experimental behavior with good accuracy
when the initial concentration of nitrogen and phosphorus is var-
ied. The goodness of these results is confirmed also by Fig. 7d
where all the model results are plotted against the corresponding
experimental data obtained under each investigated operating
condition and for each cultivation time. It should be noted that,
in order to effectively validate the model, also suitable experimen-
tal data concerning the time evolution of the mass (or size) distri-
bution of the cell should be compared with the corresponding
model results. However, to the best of our knowledge, no literature
data are available in this respect as far as the strain N. eucaryotum
is concerned. A suitable experimental activity is currently under
planning in order to cover this lack of information. On the other
hand, the model extrapolations regarding the evolution of the cell
population are qualitatively consistent with literature data con-
cerning different green algae strains [9,47]. Therefore, the model
might potentially represent a useful tool to simulate microalgae
growth when cell division occurs by multiple fission. As previously
mentioned, such a tool might prevent the erroneous estimation of
microalgae productivity deriving from the use of unsegregated
models or PBE-based models based on the assumption that cell
division occurs only by binary fission.

In order to assess the possible errors arising from the adoption
of this assumption, further model simulations have been per-
formed by setting the values of parameters Hi so that the division
into a fixed number of daughter cells is simulated. For instance, in
order to consider only binary fission, the following values have
been set for the above parameters: H2 ¼ 1 and Hi ¼ 0 for "i– 2.
On the other hand, to simulate ternary fission the corresponding
parameters have been set as follows: H3 ¼ 1 and Hi ¼ 0 for
"i– 3 and so on analogously for quaternary (H4 ¼ 1 and Hi ¼ 0
for "i– 4) or octonarian (H8 ¼ 1 and Hi ¼ 0 for "i– 8) division.
It should be noted that the same initial population distributions
have been considered during simulations. The obtained results
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Table 1. Overall comparison (d) of model and experimental results (the data in Fig. 4a are included).
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are shown in Fig. 8 along with the ones already obtained under the
assumption of multiple fission for comparison. From Fig. 8a it can
be observed that growth simulated by using the values of Hi

reported in Table 1, namely the curve tagged as ‘‘multiple”, is dif-
ferent from the one obtained when assuming that only two daugh-
ters can be generated for each division. In particular, a slightly
higher growth rate is achieved when taking into account multiple
divisions for the algae. While at a first view such a difference might
seem not relevant, when translated to the massive scale produc-
tion that is typical of microalgal production systems, even these
differences might lead to significant underestimation of the overall
biomass productivity. In addition, it should be noted that such a
low difference arises from the fact that the main division mode
of N. eucaryotum remains the binary fission [23].

From a view inspection of Fig. 8a, the ‘‘multiple” curve is also
very similar to the one obtained by assuming that only ternary cell
division could take place. On the contrary, under the assumptions
that each cell division could generate only 4 or 8 daughter cells,
respectively, higher growth rates are achieved correspondingly
with respect to the case of multiple division. In general, it can be
inferred that the greater is the number of daughter cells formed
by division, the higher is the rate at which the whole culture grows.
This is due to the fact that, when a great number of cells is gener-
ated by division, the resulting daughter cells are very small and,
according to Eq. (3), grow faster than the larger cells which would
have been formed in the case where division would have produced
a lower number of daughters. It should be noted that the observed
similarity between the curve obtained under the assumption of
multiple fission and the one related to ternary fission, is just a
result of the specific combination of values adopted for the param-
eters Hi (Table 1). However, this similarity is not kept when the
corresponding population distributions are compared. In fact, as
shown in Fig. 8b, the simulated distributions at the end of the
cultivation are significantly different for the five cases investigated.
In particular, the final distribution obtained under the assumption
of multiple division (the curve tagged as ‘‘multiple”) is quite
widened while the other ones show a relatively more pronounced
peak at abscissa values slightly greater than mc/i, being mc the
critical mass of the mother cells and i the number of daughter cells
produced per division. Such result can be ascribed to the fact that,
as the cultivation goes on, the number of cells having a size close to
the one of daughter cells increases as a result of the division events
and thus a peak near the mass value of daughter cells is formed
correspondingly. On the other hand, since for the case of multiple
fission the daughter cells may have different sizes, different peaks
having sizes and wideness which depend from the values ofHi and
rc, may be formed and thus the final resulting distribution is
broader. Fig. 8c shows the evolution of the total number of cells
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during cultivation. It can be observed that, the larger is the number
of daughter cells generated per division the higher is the total
number of cells in the culture as the cultivation time is prolonged.
Moreover, it can be clearly seen that even the evolution of the total
cell number is significantly different when comparing the case of
binary division to the multiple fission. Finally, in Fig. 8d the time
taken by the culture to achieve steady-state, i.e. the transient’s
duration (tstat), is shown for each investigated case along with
the corresponding average growth rate lave which, in turn, has
been evaluated according to the following relationship:

lave ¼
1
tstat

Z X f

X0

dX
X

¼ 1
tstat

ln
X f

X0

 !
ð30Þ

where X0 and Xf represent the initial and the final biomass concen-
tration, respectively. This physical quantity provides an immediate
and meaningful information about the potential biomass productiv-
ity of the strain. It can be observed from Fig. 8d that the larger is the
number of daughter cells produced per division the shorter is tran-
sient duration and, accordingly, the higher is the average growth
rate. This result can be ascribed to the fact that, when a large num-
ber of daughter cells are produced per division, most of the cells of
the population are small (cf. Fig. 8b). However, according to Eq. (3),
small cells grow faster when compared to large ones, and thus, the
presence of a larger number of small cells results in a higher aver-
aged growth rate of the culture. Since lav is directly linked to the
overall productivity of the culture, it can be inferred that, ‘‘ceteris
paribus”, a strain characterized by the production of an high num-
ber of daughter cells should be preferred when the target of the
cultivation is to maximize the biomass productivity. It should be
remarked here that all the above model-based inferences should
be confirmed by means of suitable experimental data. However,
all these considerations are somehow corroborated by the experi-
mental results obtained by Poyton and Branton with the strain
Prototheca [48]. In fact they found that the growth rate and the
average number of daughter cells produced per division by this
strain, were linearly and positively correlated. Similar inferences
were adduced by other authors for the strain C. reinhardtii [49].

In order to deepen the effect of the cell size on the growth of the
culture, further numerical simulations have been carried out by
using different initial size distributions, while keeping fixed all
the model parameters in Table 1. Specifically, new simulations
have been performed by using the different initial distributions
(w0) shown in Fig. 9a. The latter ones have been obtained by
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Fig. 9. Effect of the mean cell size of the initial distribution on the biomass concentration evolution (a), the final distribution after 40 days of cultivation (b), the final
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considering initial distributions similar to the one reported in
Fig. 3a while considering different mean diameters. In particular,
the corresponding distributions in terms of w0(m) have been
obtained according to the method illustrated in Appendix A while
setting the initial total number of cells per unit volume, i.e. N0/V in
Eq. (A8), so that the initial biomass concentration X0 is kept con-
stant for each simulation run. In this regard, it should be noted that
the initial distributions characterized by a lower mean diameter in
Fig. 9a shows larger peaks since, in order to have the same biomass
concentration X0, the populations with smaller cells must have
more cells.

From Fig. 9b it can be observed that, albeit X0 is kept fixed, the
different initial distributions give rise to a different evolution of the
biomass concentration. In particular, as confirmed also by Fig. 9c,
the cultures having smaller cells at the start of cultivation, achieve
the steady state more quickly and thus are characterized by higher
average growth rates. This modeling outcome is consistent with
the ones reported in the literature [27,50] and confirms that, to
the aim of maximizing biomass productivity, microalgae strains
characterized by a smaller cell size should be preferred, all else
being equal. In Fig. 9d the final distributions (after 40 days of
cultivation) are shown. It can be observed that, while starting from
very different populations (cf. Fig. 9a), after about 40 days of culti-
vation, the same size-distribution is obtained for all simulated
cases.
This behavior depends on the fact that the occurrence of several
mitotic events leads the parent cells of the initial population to
progressively disappear while the daughter cells of new genera-
tions accumulate in the culture. Therefore after a prolonged period
of cultivation, the size of the daughter cells released at the cytoki-
nesis events rules the shape of the size spectrum of the entire pop-
ulation of cells. However, the distribution of the daughter cells
remains almost the same irrespective of the initial distribution
since it depends from the critical cell mass mc, from the partition
functions pi and from the probabilities Hi which have been kept
constant for each simulation run. In the last analysis, even if
through different dynamics, the cultures tend to the same
steady-state distribution. This is due to the fact that the size-
homeostatic mechanism (i.e. the coordination of cell growth and
division) imposed by the model has been kept equal for all the sim-
ulations irrespective of the initial distribution of the cells consid-
ered. In Fig. 10a and b the different transient leading to the same
final distribution is shown for the two extremes cases considered
in Fig. 9.

The same information are reported in Fig. 10c in terms of the
time evolution of the mode of the distributions related to the
remaining cases investigated and reported in Fig. 9. Distributions
are not shown in this case for the sake of Figure’s clarity. It can
be clearly seen that, while starting from different modes, all the
distributions tend to the same point indicated with an asterisk
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(which acts as a kind of attractor) through different dynamics.
These modeling outcomes, although need to be quantitatively
confirmed through dedicated experiments, are somehow coherent
with the information reported by relevant papers dealing with cell
size-homeostasis and cell size control of different kind of cells
[51–53].

Finally, since according to some authors [54], the critical size at
which cells commit to divide is not static but may depend on the
specific environmental conditions, it is useful to verify how a
change in the value of the critical size (dc or mc) can influence
the model results. Moreover, it is reported in the literature that,
the number of daughter cells produced per division is dependent
from the mass of the mother cells and that, more than one commit-
ment point can be attained by the cells [17]. For this reason, further
numerical experiments have been performed by changing the
value of the threshold size dc and thus of the corresponding mass
mc. It should be noted these simulations may serve also as a sensi-
tivity analysis with respect to the model parameter dc (or mc).

In Fig. 11a the effect on the growth dynamics of N. eucaryotum
deriving from changing the value of dc of about ±11% with respect
to the base case value reported in Table 1, is shown. It can be
observed that, as the critical cell size is augmented, the growth rate
of the culture decreases correspondingly. Therefore, the steady
state is achieved later with respect to the case where a larger dc
was considered (cf. Fig. 11d). This result might be ascribed to the
fact that, when division occurs at a larger size of a mother cell,
due to mass conservation, the resulting daughter cells are larger
than those ones which can be produced by smaller mother cells.
Accordingly, after a prolonged period of time the populations of
cells having a larger dc will show a size spectrum shifted toward
right, i.e. characterized by a larger average size of the cells
(cf. Fig. 11b) and thus, in the light of what above discussed, will
grow slower than the cultures characterized by a smaller critical
size.

On the contrary, as shown in Fig. 11c, when the division occurs
at smaller mother cell sizes, the total number of cells produced
over time is higher. In fact, the critical size can be achieved more
quickly by the cells growing in the G1 phase with respect to the
case where the parameter dc is large, and thus a larger number of
cells division events can take place in the unit time so that a larger
number of cells can be produced accordingly. All these aspects are
reflected in the higher average growth rate of the cultures charac-
terized by a smaller dc (cf. Fig. 11d).

Finally, while it is important to remark that all the modeling-
based inferences here discussed should be confirmed by a specific
experimental activity, on the other hand several modeling
outcomes are qualitatively consistent with literature experimental
data. For this reason the model proposed in this work might
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represent a first step toward the development of a more detailed
mathematical tool aimed to simulate the growth of microalgae
dividing by multiple fission and to identify the potential implica-
tions of such division mode on the performance of photobioreac-
tors. In fact, as discussed above, the present model can be
exploited to evaluate the overall growth rate as well as the time
needed by the culture to achieve the steady state when changing
the number of daughter cells produced at each mitotic event. The
latter ones are features affecting the design and the performance
of photobioreactors which hence might be optimized by using
the proposed model.
4. Conclusions

Almost all the mathematical models adopted in the literature to
simulate the growth of microalgae do not allow to separate the cell
growth and division phases, thus preventing to suitably interpret
the effect of the light–dark cycles on the growth of the culture.
Moreover, in the best of cases, i.e. when segregated models are
used, the erroneous assumption that microalgae divide only by
binary fission is considered. However, it is well known that most
of eukaryotic algae can divide by multiple fission. In this work, a
mathematical model for the size-structured simulation of the
growth of microalgae dividing by multiple fission has been pro-
posed. The model is based on a population balance equation
wherein a new formulation of the birth term has been proposed
in order to account for the possibility of mother cells to give rise
to different number of daughter cells. Model results have been suc-
cessfully compared with literature experimental data expressed in
terms of biomass concentration evolution of a microalgae strain
characterized by multiple fission, i.e. N. eucaryotum. However, in
order to be fully validated in all its aspects the model requires
specific and dedicated experiments whose results should be com-
pared with the theoretical ones. On the other hand, most of the
non-trivial model results are qualitatively consistent with most
recent literature on the matter. Beyond enabling to simulate the
dynamics of size distribution evolution, the model permits to
decouple the single cell growth phase from the division. This mod-
eling outcome might be potentially useful to develop suitable
strategies aimed to inhibit cell division and accumulate lipids in
the cells. Moreover, the knowledge of the size distribution at each
cultivation time might suitably exploited to optimize microalgae
cultivation and downstream processing. Finally, it has been
demonstrated through specific numerical simulations that, if
multiple fission is accounted for, the erroneous evaluation of bio-
mass productivity which might arise from the assumption that
the concerned strain divide only by binary fission, can be avoided.
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In particular, the improvements of the present model are more
pronounced as the higher is the tendency of the simulated strain
to produce a number of daughter cells greater than two.
Ultimately, it should be remarked that, while further dedicated
experiments should be performed in order to validate the model
results, the simulation approach presented here might represent
a first step toward the development of a tool which might facilitate
the identification of better cultivation and processing strategies in
view of the transposition of the microalgae technology to the
industrial scale.
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Appendix A

In order to evaluate the initial density distribution w0(0,m) in
Eq. (23) of the text, the following strategy has been adopted.
Firstly, the experimental histogram by Kandilian et al. [43]
reported in Fig. 4a and referred to the size distribution of N. oculata,
has been considered.

In such histogram the height of the bins F0;exp
i ðdÞ represents the

number N0;exp
i ðdÞ of microalgae having a certain diameter d 3 [di �

Dd/2, di + Dd/2]with respect of the total numberN0;exp
tot ofmicroalgae

cells concerned (cf. Fig. 4a). The symbolDd refers to amplitudeof the
bins of the histogram of Fig. 4a.

The corresponding histogram expressed in terms of numbers
N0;exp

i ðmÞ of microalgae having a certain mass m 3 [mi � Dm/2,

mi + Dm/2], with respect of the total number N0;exp
tot of microalgae

cells, has been then evaluated by considering that, for a roughly
spherical cell, the following relationship holds true between cell
mass and cell diameter:

m ¼ q
pd3

6
ðA1Þ

This way, the experimental histogram by Kandilian et al. [43]
has been converted in a mass-structured histogram. Subsequently,

in order to obtain the corresponding distribution h0;exp
i ðmÞ; the

experimental values of F0;exp
i ðmÞ; have been normalized with

respect to the experimental mass step size Dmexp of the bins
according to the following equation:

h0;exp
i ðmÞ ¼ F0;exp

i ðmÞ
Dmexp

¼ N0;exp
i ðmÞ

Nexp
tot Dmexp

ðA2Þ

The experimental distribution h0;exp
i ðmÞ has been then fitted

through a log-normal function using the fitting tool of the software
Origin 8. According to the considerations made in the text, the so
obtained log-normal distribution k0ðmÞ has been then considered
to be representative of the one related to N. eucaryotum. Subse-
quently, the distribution k0ðmÞ has been evaluated for all the mass
values mj (j = 1, ..., nclass) adopted to discretize the population bal-
ance. It should be remarked that k0ðmÞ is the distribution of N.

eucaryotum and thus, the discretized values k0j ðmÞ have the mean-
ing reported in the following equation:

k0j ðmÞ ¼ F0
j ðmÞ
Dm

¼ N0
j ðmÞ

N0
totDm

ðA3Þ

Starting from the values of kj, the corresponding discrete form
of the density distribution function may be evaluated as follows:
w0
j ¼ 1

V
N0

j

Dm
¼ N0

tot

V
kj ðA4Þ

where the term N0
tot=V is the initial total number of cells contained

in the unit liquid volume V, namely the initial number concentra-
tion, or number density, of cells. Since the initial number concentra-
tion of algae was unknown, it has been evaluated starting from the
initial mass concentration of algae X0, whose value was reported in
the work by Lutzu et al. [26]. In fact, according to Eq. (25) in the
text, the initial mass concentration can be evaluated as:

X0 ¼
Z 1

0
w0ðmÞ �m � dm ðA5Þ

which, by adopting the trapezoidal rule to numerically evaluate the
integral, can be re-written as follows:

X0 ¼ 1
2
w0

1m1 þ
Xnclass�1

j¼2

w0
j mi þ 1

2
w0

nclass
mnclass

 !
Dm ðA6Þ

Subsequently, substituting the expression of w0
j reported in Eq.

(A4) into Eq. (A6), the following equation could be obtained:

X0 ¼ N0
tot

V
1
2
k01m1 þ

Xnclass�1

j¼2

k0j mj þ 1
2
k0nclassmnclass

 !
ðA7Þ

which can be rearranged to evaluate the initial number concentra-
tion of cells as:

N0
tot

V
¼ X0

1
2 k

0
1m1 þ

Pnclass�1
j¼2 k0j mj þ 1

2 k
0
nclass

mnclass

� � ðA8Þ

Finally, by inserting the obtained value of N0
tot=V into Eq. (A4),

the discretized version of the initial density distribution w0
j could

be obtained for each value of j = 1, . . . ,nclass.
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