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1. Introduction

We derive an unclosed Favre-averaged equation that describes
the mean chemical source appearing in the combustion equation
of the turbulent premixed flame in the flamelet regime. This
equation removes the necessity of modelling the surface-averaged
variables appearing in the unclosed equation in terms of the flame
surface density, R, which is used in the literature for estimation of
the mean source.

We state an analytical formulation of the turbulent combustion
problem including an infinite system of successively derived
unclosed equations, which gives a general view of the modelling
problem based on the unclosed sub-systems of the infinite system.
Although this point seems obvious for the turbulence theory [1], it
should be discussed and understood for the analogous situation of
turbulent combustion.

We start with the kinematical equation of the instantaneous
flame in terms of the progress variable c(c = 0 and c = 1 in the
unburned and burned gases with the densities qu and qb,
respectively), which describes an: instantaneous wrinkled laminar
flame sheet:

q@c=@t þ ðq~u � rÞc ¼ _mjrcj ð1Þ
where _m ¼ quSL ¼ qbSb

L ¼ qS is the flow of mass through a unit area
of the thin instantaneous flame per unit time; SL and Sb

L are the
speeds of the flame relative to the unburned and burned gases,
and S is the speed relative to an iso-surface q = const. The specific
flux _m is an invariant characteristic that has the same value for
different definitions of the flame speed.

The Favre-averaged combustion equation, which follows from
Eq. (1), together with the Favre-averaged mass and momentum
hydrodynamics equations, are as follows:

@�q~c=@tþr�ð�q~~u~cÞþr� q~u00c00
� �

¼ _mjrcj ð¼ _mðqðjrcj=qÞ¼ �q ~WÞ ðaÞ

@�q=@tþr� �q ~~u¼0 ðbÞ;
@�q ~~u=@tþr�ð�q ~~u ~~uÞþr�ðq~u00~u00Þ ¼�r�p ðcÞ

ð2Þ
The rhs term in Eq. (2a) describes the ensemble averaged chem-
ical source, which in brackets is transformed in the Favre-averaged
form symbolized as �q ~W; where

W ¼ _mðjrcj=qÞ ð3Þ

The unknowns in system (2) are the chemical source ~W scalar

flux q~u00c00 and stress tensor q~u00~u00 (�q is known: �q ¼ qu=

½1þ ~cðqu=qb � 1Þ�). The unclosed Favre-averaged equation for the

flux q~u00c00 and tensor q~u00~u00 are known from the literature and
are used for designing advanced models aimed at prediction of
the counter-gradient scalar flux and velocity fluctuations in the
premixed flame; see for example paper [2]. At the same time, a
problem of description of the source with an unclosed equation
has no definitive formulation.

The point is that there are two equivalent forms of the mean
chemical source:

�q ~W ¼ _mjrcj ðaÞ;
�q ~W ¼ _mR� ðbÞ

ð4Þ

where R�ðc�Þ ¼ jrcjdðc � c�Þ (the conditional average |rc| for c = c⁄)
[3] is the flame surface density (the mean area of the instantaneous
flame area per unit volume). The difference between these two
forms is that jrcjð~x; tÞ is defined in the space ð~x; tÞ, while R�ð~x; tÞ
is defined on a particular iso-surface c = c⁄ (below we omit the index
‘‘⁄’’). Hence, the unclosed differential equations in terms of jrcj and
R would be ensemble- and surface-averaged equations. The
unclosed R – equation is known from the literature [3]:

@R=@t þr � ð �~usRÞ ¼ ðr �~u�~n~n : r~uÞsR�r � ½ðS~nÞsR�
þ ðSr �~nÞsR; ð5Þ

where ~n ¼ �rcð~x; tÞ=jrcð~x; tÞj is the unit vector normal to the
instantaneous flame pointed towards reactants and ~n~n : r~u ¼
ninj@ui=@xj, and the 00s00 symbol means surface averaging. This
equation is defined on a particular iso-surface traveling with
the speed S. While R is practically the same for all iso-surfaces
qb < q < qu, the surface-averaged velocity �~us and speed S change
across the instantaneous flame.
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The surface-averaged Eq. (5) is inconsistent with other Favre-
averaged equations due to the appearance of surface-averaged
speed, �~us and other surface-averaged variables, which result in
added difficulty regarding their modelling in terms of Favre-aver-
aged variables. We can avoid this problem by directly deducing
the Favre-averaged equation in terms of ~W , starting from Eq.
(4a). This equation is established in the next section.

2. The Favre-averaged unclosed equation for the mean chemical
source

The width of the instantaneous flame is finite; therefore, all
instantaneous fields are continuous. At the same time, the width
is so small that the values of the mass flux, qS, through all iso-sur-
faces inside the instantaneous flame can be assumed to be equal.
An equation for the modulus of the progress variable gradient,
which follows from Eq. (1) using the equality _m ¼ qS and obvious
identities [3]:

@ðjrcð~x; tÞjÞ=@t ¼ �~n � rð@cð~x; tÞ=@tÞ ðaÞ
@ðjrcð~x; tÞjÞ=@xi ¼ �~n � rð@cð~x; tÞ=@xiÞ ðbÞ

ð6Þ

is as follows:

@ðjrcjÞ=@t þ~u � rðjrcjÞ ¼ �jrcjð~n~n : ruÞ �~n � ðrðSjrcjÞ ð7Þ

Introducing the rate of strain acting in the iso-surface tangent
plane, rt �~u ¼ r �~u�~n~n : r~u, expressing |rc| in terms of W from
Eq. (3) and using the equality qS ¼ _m, we have the following
instantaneous equation in terms of W:

@ðqWÞ=@t þr � ðq~uWÞ þ _mr � ð~nWÞ
¼ qðrt �~uÞW þ _mðr �~nÞW ð8Þ

Ensemble averaging of Eq. (8) results in the desired unclosed
equation in terms of ~W:

@ð�q ~WÞ=@t þr � ð�q ~~u ~WÞ þ r � q~u00W 00 þ _mr � ð~nWÞ
¼ qðrt �~uÞ ~W þ qðrt �~uÞ00W 00 þ 2 _mKW

ð9Þ

where K ¼ 0:5r �~n is the curvature of the instantaneous flame and
_m ¼ quSL.

The lhs of Eq. (9) contains one non-stationary term and three
transport terms describing convection by (i) mean velocity trans-
port, (ii) turbulent diffusion-type transport due to correlations of
velocity and combustion rate pulsations. and (iii) transport caused
by the flamelet movement. Three rhs terms describe the effects of
different physical mechanisms (sources and sinks) controlling ~W:
(i) the flame stretch by the mean velocity field, (ii) the flamelet
stretch by the pulsation component of the velocity, and (iii) the
effect of the wrinkled flamelet propagation on the sheet area.

The presented direct derivation of the Eqs. (7) and (9) shows
that there is no need to invoke the flame surface density concept
for chemical source modelling in flamelet premixed combustion.
Nevertheless, we note that it is possible to deduce our source equa-
tion indirectly (using this concept) with the R – equation that is
allowed to vary arbitrary through a flamelet region to yield neces-
sary for Favre averaging densities and velocities related to the iso-
surfaces 0 6 c⁄ 6 1.

3. The analytical formulation of the problem of turbulent
premixed combustion

Eqs. (2) and (9) and two Favre-averaged equations for the scalar

flux q~u00c00 and stress tensor q~u00~u00 omitted here but found in the lit-
erature [2], constitute a set of unclosed self-consistent equations.
We could derive the unclosed Favre-averaged equations in terms
of all unknowns appearing in the q~u00c00� and q~u00~u00� equations,
and the ~W� Eq. (9). Then, in principle, we could derive the
unclosed equations in terms of new unknowns appearing in these
equations, and so on.

The following total infinite system of equations is closed and it
gives an analytical formulation of the problem. This formulation is
a generalization of the known analytical formulation in the turbu-
lence theory [1] based on the general method developed by Fried-
man and Keller for obtaining the differential equations for the
moments of arbitrary order [4].

Any finite sub-system of the infinite system is unclosed and
needs modelling. The first-order closure models that are normally
used in engineering applications are based on the sub-system (2),
where the unknown could be modelled assuming, for example,
the gradient algebraic expressions for the scalar flux and stress
tensor, and algebraic expressions for the chemical source. In the
second-order closure models, the scalar flux, stress tensor and
chemical source are described by the Favre averaged differential
equations, where the appearing unknown terms must be modelled.
The R – equation cannot be an element of the sub-system as it is
defined in the space of the surface averaged functions. Using this
equation brings unnecessary difficulties in modelling due to incon-
sistency between the surface and Favre averaged variables.

An intermediate-order closure model was developed in the
cited paper [2], where the scalar flux and stress tensor are
described by the differential equations, but at the same time the
chemical source is approximated by an algebraic expression. These
authors developed recently an approach in terms of the dissipation
rate rather than in terms of the flame surface density, where the
coefficient in the model expression for the mean chemical source
is described by the unclosed differential equation [5].

4. Summary

1. The Favre-averaged unclosed equation is derived in terms of
the mean chemical source ~W , this question refers to
fundamental issues of the theory of turbulent premixed
flame in the flamelet regime. The equation is consistent
with others Favre averaged equations for the considered
problem, and is an alternative to the surface averaged
unclosed R – equation that is currently used for modelling
the mean chemical source.

2. By analogy to the turbulence theory, we present the
analytical formulation of the problem of turbulent premixed
combustion, which gives a common vision of the modelling
problem, and allows the inconsistency of the surface-
averaged equation with other Favre-averaged equations of
the problem to be interpreted from a general viewpoint.
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